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Seminar Introduction

e This Is An Introductory Seminar
— Why Do We Need Small Signal Modeling?
— Small Signal Model Derivation

— Deriving Transfer Functions From The
Small Signal Model

— Averaged Switch Modeling
* Detailed Examples (All The Algebra)
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Seminar Introduction: Not Discussed

e Models For Discontinuous Conduction Mode

 Control Loop Design
— Error Amp/Compensator Design
— Pole-Zero Placement
— Loop Stability
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Seminar Introduction

e Much Of This Seminar Is
Based On Material From
“Fundamentals Of Power
Electronics”, 2" Edition,
Erickson & Maksimovic,

Kluwer Academic Publishers,
ISBN 0-7923-7270-0

— Chapter 7, AC Equivalent
Circuit Modeling

— Chapter 8, Converter Transfer
Functions
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Seminar Introduction

e Timing
— 90 Minutes Presentation
— 30 Minute Break
— 90 Minutes Presentation

e Ask Questions At Any Time
e Fill Out The Survey Form!
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Input

I |EMBEDDED POWER LABS

Controls 101 Review

Physical
System
(Plant)

Output

Issue: The Actual Output
Is Not The Desired Output
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Feedback

5 Output

Input Control .
R U Physical
Controller > System
> (Plant)
Goals:

 Make the output track the reference input
e Reject disturbances

{ Requirement: Remain stable at all times ]
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Stability

 Bounded Input-Bounded Output (BIBO)
— Finite input results in finite output

* Lyapunov
— System has an equilibrium point or points

— Small disturbance from equilibrium results in
small change in output

— Exponential: Output change decays in time
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Design And Analysis

Error

e
R —>(—1)
+

>

Controller
C(s)

Plant
P(s)

e Time domain solutions too tedious
e Transform to frequency or s domain

P(s)-C(s)

Y= h9cs)
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R(s)

H(s)=

Y(s)

P(s)-C(s)

R(s) 1+ P(s)-C(s)
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Design And Analysis
/ Stable Means \

This Term Can Never Be Equal To Zero

H(s) Has No Poles In RHP
No RHP Poles In P(s) Or C(s)

\ Cancelled By Matching RHP Zeroes

P(s)-C(s)

Y= h9c(9

-R(s) H(s)=

R(s) |1+ P(5)C(9)
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Design And Analysis

R—:/ Only Applies To \k-—w

+ Linear
Time Invariant
: (LTI)
V() Systems! el
1+ F{SFCTs) K(s] I+ P(s)-C(9)
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Power Supply Model

Error
P
Vref —-)@—) Amp/ > PWM > o —> Vout
+ Stage
—  Compensator -

Not LTI Voltage
[ J Divider < \

| NotLTl |

s N
We Need Circuit Models

Valid In The s-Domain
_ Y,
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DC Model

g
+ >
v ()
Inputs

* Input Voltage, V,
e Control Input, D

e | oad %:

* Voltage, Vi oap
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Power
Stage

IOUT

VO uTt

To

Outputs

Load

* Output Voltage, V7

* Input Current, |,

Resistance, R
Current, | 5ap
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DC Model

Ig I(Vgr D) R) V(Vg/ D/ R) OUT

+
Y

| >

+ Load
Vg <> v VOUT R
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Buck Converter DC Model

| Va1
g <+
\ YYY\L \
7 1T i _ _ 7
PNL Q2 I
+ Q1 + C ¥ + +
Vg QZJH Va2 C —— v¢ R[] Y,
3 Ton . Torr .
Vo1
' DTs : (1-D)Ts
=D"Tg _
Va2

]
4
N
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Solving The Output Voltage
v, =(v, :i.TSVL _ Inductor Volt-
< (t)>TS < (t)> Ts { ()t OﬁSecond Balance}

1 Ts 1 Ton
T_.IVL(t)dt =T—{j dt+j dt]_o
S 0

—
o

n

Small Ripple J

j(vg—v ))dt + j (t))dt=0 Approximation
O/ Ton / \

v, (t)=V, +V,(t) Ve (1) =Ve + 9 (t)

v (t)‘ <V, A (t)‘ <V,

v (t)=V, +V, (t)=V Ve () =V + Vo (T) =V,
. o (1) =V, +, (1) =V, (t) (t) y
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Solving The Output Voltage

T(vg -V, )dt + Tj (-V)dt=0
0 Ton

g
(V,-Ve)-D-Tg =V, (Ts—D-T) =0
(V,-V.)-D-V,-(1-D)=0
DV, —DW, -V, +D-V, =0
D-V, -V, =0

V. =DV, |

(V —Ve )'TON —Ve '(Ts —Ton ) =0

I I EMBEDDED POWER LABS ©2015 Embedded Power Labs — All rights reserved




Solving The Inductor Current
<ic(t)>TS:<ic(t)>:O <[ Capacitor Charge Balance ]

Ton

T—t-TEiC(t)dtzT—t-[j i (t)dt+ Tj iC(t)dtjzo

0 Ton

TS
[ic(t)ydt+ [ic(t)dt=0
0 Ton
Ton

j (iL(t)—%-vC (t)jdt+ f (iL(t)—%-vC (t)jdt 0

1

E{iL(t)—E.VC (t)jdt o

I I EMBEDDED POWER LABS ©2015 Embedded Power Labs — All rights reserved




Solving The Inductor Current

_ - Small Ripple Approximation
() =1, +1.(t) /[ ]

)
—
I

1
RV }
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Solving The Input Current

1 ¢7s.

<ig(t)>TS :<ig(t)> =1, :T_s. 0 Ig(t)dt

Ton . Torr 1 Ton .
. J-o Ig(t)dt_l_.‘-o Odt):T_S.jo Ig(t)dt
A - From The

Small Ripple
Approximation

~

1 1 1
o= Tov = 1D Te =Dl =D 2 Ve = D-loy,
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Buck Converter DC Model

Ig D-loyr D'Vg louT
-+ > >
+ N Load
Vg ¥ _ VOUT R
Ig 1:D lout
+ > >
T Load
Od
Vg Vour R
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AC (Small Signal) Modeling

ig=Ig+|g iO:IO+iAO
+ >— +>—
R Power R
Vg :Vg +Vg<> Stage VO :VO +VO Load

V| <V, Td —D+d
fg <l Small How Small is Small?
U, | <V, - Small Enough The
f:|<< |OO Slgnal . System Remains
. Modeling Linear
d <« D
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AC Modeling

+ >— +>—
~ Power R
v L
’ <> Stage © oL

e

Control To Output G
Transfer Function
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AC Modeling

+ >— g
- Power -
Vo <> A Load
Stage
| I
Audio- Output
susceptibility Input Impedance  Impedance
V v _ AO
Go =3, Z=7 27
9 ld=0 9 [j=0 O 1d=0,0,=0
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Averaging
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Averaging

000000

°°°°°° T KT 0T
I =T
000000 )i = c 2t )
/”"/l (1) =(x(0), =5 " x(0)o

1
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Another View Of Averaging

| 1 et+T
<x(t)>:<x(t)>TS:T—S-jt x(t)dt ,\ /Pﬁ%

l T
i Moving Average

0.8000 7Z>< . Filter Response ]
0.6000 - N >( :

000000

OOOOOO
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Modeling The Buck Converter:

On Time
9 L e |
+ / / T Vi B Ic Y + / +
Vg C_——v R [] Vo

Ic (t) =C dt I, (t)_EVC (t) ~ <iL (t)>_E<VC (t)>

[ Small Ripple App{m
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Modeling The Buck Converter:
Off Time

i [
> >—YY Y\ >
_|_ —_
+ VL Ic Y + +
Vg C—_——ve R|]|vo
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Averaging The Capacitor Current

1

(o) =0 ()~ 0 0) &) (. 0) 5 (e 1)
(i (1) (v (1)
[<ic 0)-c i )L, (t)ﬂ

Averaging The Input Current
(iy (t))=d(t)-(i_(t))+d'(t)-0




Perturb And Linearize

DC Operating Point Resulting Output Perturbation
V, V. =DV, (i, () =1_+1_(t)
|L:%.\/C ,=D-1, (Ve (1)) =Ve + Y (1)

<ig (t)> - Ig T iAg (t)

Input Perturbation Small Signal Constraint

N

<vg (t)>:Vg +V, (1) 0 (t)‘ < Vg‘ iL(t)‘ <|l|
d(t)=D+d(t) 0c (1) << Ve ]

N

o (1)
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Perturb And Linearize

(i ()

dt

= d(t)-<vgt>—<vC (t)> Averaged Differential Equation

Substitute DC Plus Perturbation For Average Values:

d(IL+iAL(t)) . i

L= =(D+d(t))(V, +9, (1))~ (Ve + Y% (1))

Expand:
di, (t) . TR
L—L+L =DV, +D-V, (t)+V,-d(t)+d(t)-V,(t)

dt dt J
V=V (t)
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Perturb And Linearize

Collect Terms: ws Equal Zero }
i Lde(t)

S

+D-v ( )+V a( t) -V (t)
[er Jﬁ Discard 2" Order Terms }

This Leaves A First Order Equation:

L dfaft) =+D-V, (t)+V,-d(t) -0 (t)
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Perturb And Linearize
9% (1)

dt

Substitute DC Plus Perturbation For Average Values:

~d(Ve Jcrlt\“/c (1) T (t)—%(Vc 0 (1))

Expand: 2 DC Terms Equal Zero }
C dV, C dv,. (t) {| ] _i'vc}" iAL (t)_%.\'}c (t)

= <iL (t)> —%-<VC (t)> Averaged Differential Equation

dt at R

c®ell i ()-La. (1
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Perturb And Linearize

(i (0)=d(0) (i (1)
Iy +ig () =(D+d(t))-(1,+iL (1))
=D-1, +D-i, (t)+1_-d(t)+d(t) i, (t)
[ () =D, (t)+1,-d(t)+ d(D)4TT)

PaN PN N\

l,(t)=D-1_(t)+1_-d(t)




Construct The Model

SRR

L8O o g, 0)4v,-d0) o ()

[ )
= 7 i (1)
D-Vy (t) © _dt C N (t
o J
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Construct The Model

e i
{%'Vf(t)}
{Q@)Cj [Cdvactit)}’ +\7€(t) R
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Construct The Model

{ ) (t)}[oﬂ (t)1,-d(t)




Construct The Model

vdn oL 20 (1)
(0 () R,
: @ +[\;YY% + dve(t) | +
602 1D i L][T]eam Y c==nw (Diw * L0 | s
— _I__
o (1)
5,07 1dw(]) R
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Control-To-Output Transfer Function

Ve (S)

d(s) L

Gy (S) -

Ogt)CD |L-&(t)<>
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Control-To-Output Transfer Function

) Vg-a(t) L i (t)

(1) 1:D >

% C—— V(1)

C_—Vv(t) ||R
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Control-To-Output Transfer Function

OC(S): 1 Vg'a(s) C—— V(1)
s-L+R||— _
S.
V.. (S 1 1
6 (5)= 219 v, - -,
(S) 14+-.s+L.C-S 1.1 s s
Wy Wy

1

C 1
L-C Q‘RJ:_zg
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Input To Output Transfer Function

Gvg (S) == 23 “Audiosusceptibility”
9 d=0
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Input To Output Transfer Function
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Input To Output Transfer Function

1 O A
RIS ¢ n
Ve ()= 7DV, D (1) C—— () ||R
S-L+R||— —
s-C
U (S) D D
GVd(S): \7 = L = >
o l+—-s+LCs ,,1 s
R Q w,
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Input Impedance

Ig(S) d-0
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Input Impedance

|g>(t) 1:D YY)
o [ J +

v, (t) D*.C_— — R
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Input Impedance

. prt
- (1)
~ v (S) _93) (YY)
W(=—T& 1 b0 oo [[Aw
S D2 + D2 | s.D2.C Y ] D*
V, (s) L R 1
Z- — ,\g( —
=7 " o lspc
1l s S i
L2 1+~+(j
2(9)- R.1+SR+S LC: R Q w |
| D? 1+s-R-C D? 1+s-R-C
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Boost And Buck-Boost Models

)|L-&(t) C_—_—V(t) [h R

Re-drawn from “Fundamentals of Power Electronics”, 2" ed.,
Erickson and Maksimovic, Figure 7.17
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Flyback Example

D1 Forward J

Voltage: V,
L N DD
> ERTCH > T .
3t ” C— R[] ve(t)
w@ _
[
Qf
I—
Magnetizing Inductance: L }

{Ql On Resistance: Ry,
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On-Time Circuit

LYo .. Y ic(t) +
EVL(’[)- L “ C == R[] ve

Q_

V=
A
pd
—
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Off Time Circuit

9=0 N B NG
f R + - i +
vi(t) 3L “ > c—= R[] vt

Vg(t) <t>
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Sketching The Inductor Waveforms
VL(’[) [ Vg(t)_Fé\)ON'iL(t)

0 d-Ts Ts
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Sketching The Capacitor Waveforms
(% (1))

Ve (t) 1

0 >
(1) N, (1) = =-v (1)
""" """+~ >
_%'Vc (t)
0 d'gTS Ts
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Averaging The Circuit Equations

On Time Off Time

V(1) =V, (£) = Ry i (1) v, (t) = =NV, +v, (1))
() == (1) ()= N (1) Z v (1)

i, (t)=i_(t) i, (t)=0

V(1) =(% (1) = Rou (i (1) v (1) ==N-(V, + (v (1))
() == (v (1) e (1) = N ()~ ={ve (1)
5 (0)=(i. (1)) i, (t)=0




Averaging The Inductor Voltage




Averaging The Capacitor Current




Averaging The Input Current/

Perturbation
(i, () =4 (0)-{i (1) +"(1)-0
:d(t)°<iL(t)>
Perturbing The Inputs Perturbed Circuit Variables
d(t)=D+d(t) (i (1) =1+ (t)
d'(t)=1-d(t)=1-D-d(t) (Ve (1)) =Ve + Y (1)
<Vg (t)> =V +\79 (t) <ig (t)> =1, +iAg (t)

[ Substitute Expressions Into Averaged Differential Equations ]
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Averaging The Inductor Voltage

L. d <idt( )> <VL (t)>

I
o

(t)< (

©<
—t
N
\/
Q
A
v
" =z
T
° —
N
r~—
N
~——

" :(D+a( )).(v iy (t))_(ma( )) Row (1, +1y (1))
~(1-D-d(1)}-N-(V +% (1))~ (1-D-d(t)}-N-V,




Averaging The Inductor Voltage

N
=

L.dgtm.d(';ft)):D.vgw-vg(t)w d()+d ()9, (1
(1)

—D-Ryy -1, —D-Roy i, ()= RoyVl-d(t) = Roy d(
—N-V, =NV, (t)+ D-N-V, +D-N-V.(t)+ N ()+NV()a()
_N.VD+D.N.VD+N-VD-a(t)

)
V,-d
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Averaging The Inductor Voltage

I IEMBEDDED POWER LABS

/+D- g() I
V,-d(t)~ Ry -1, -d(t)+ N-V.-d(t)+ NV, -d(t)
D- Ry -l ()

\ =NV (t)+D-N-V (t) Y,

+d(8)-9 ()~ Roy A (01 () + NG (1)-d (1)
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Averaging The Inductor Voltage

=DV, -D-Ryy-l, =NV, +D-N-V, =NV, + D-N-V,

=D-(V, =Ry 1, )-(1-D)-N-V, = (1-D)-N-V,
DNV, =D-(V, =Ryl )-D""N-V,

D 1
{VC:EN(V RON'IL)_VD}

[—

Get The Same Result By Inductor
Volt-Second Balance Calculation

I | EMBEDDED POWER LABS ©2015 Embedded Power Labs — All rights reserve

d



Averaging The Inductor Voltage
L d{i (1) =D, (t)

dt
#V-d(t)~ Ry -1, -d(t)+ NV, -d(t)+ NV, -d(t)
_D°RON'iAL(t)
—N-V, (t)+D-N-V(t)
=DV, (1)
+(V, = Roy o1+ N-(Ve 4V, ))-d(t)
_D°RON'iAL(t)

_(1_ D)'N°\70 (t)
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Construct The Model

L. d{i, (1)) =Dy, (tj+Kvg — Ry -1+ N+(V, +VD)).&(t)}

dt | : A
—{D- Ry 1L (t)}—{D'- N -V (t)}

o (b oy YR e N O
> — +
R ] A—
T - dt / T
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Averaging The Capacitor Current

cd<‘§t(t)> —d'(t)-N <iL(t)>—% (ve (1))
cdlve ;tvc(t))=(1—D—a(t))-N-(IL+i1(t))— (Ve +7c (1))
d((;f:) +Cd(\7;t(t)) =N-1, +N-i_(t)=D-N-I, —D-N-i (t)
=N-1-d (1)~ Nei ) (T
_%°VC —%-\7(: (t)
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Averaging The Capacitor Current

Lcd(Vc)}er(\A/c(t)) {N-IL—D-N-IL—%-VJ

dt dt

+N-1, (t)-D-N-i,(t)

~N-1,-d(t)

_%'Vc(t)
d(\,}c(t))_ , ~ ~ 1 .
C—— _D-N-lL(t)—N-IL-d(t)—E-vC(t)

I I EMBEDDED POWER LABS ©2015 Embedded Power Labs — All rights reserved




Averaging The Capacitor Current

d(V,
C ( C):D'-N-IL—E-V:O
dt R
, 1
D-N-IL=E-VC

Get The Same Result By Capacitor
Charge Balance Calculation
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Constructing The Model

Vgt(t))}{[)' N, (t)}—ﬁ\l 1, .&(ti —[%.OC (t)}

: [N-IL- i <>J {Cd(v;ta))}\,
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Averaging The Input Current

<ig(t)>:d(t)°<iL(t)>
Iy +i5 () =(D+d(t))-(1,+iL (1))
= D1+ D () + 1, -d (1) + d (AT
l,=D-1, |

1, (t)=D-, (t)+1,-d(t)]




Constructing The Model

Ty (t) =D, (t)+1,d(t)
O
vg(t)CtD[lL'a(t)Cj [D'iAL(t) ¥ J
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Completing The Flyback Model

W DA bgm L) DR, (VCQ_RO“"”N'(V“VD))““)
5,0 (1) : Ld<i;t(t)> + DN (1)

£ (t) b ] (t) R, (Vg —Ron I+ N'(Vc"'VD))'a(t)
9\ .: : - +W__|:|N_@7
vg(t@ D %% (A ) EREAC

IL'a(t)
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Completing The Flyback Model

D"-N-Ug (t)

_|_

1.

D'-N-i,(t) E (Y
d (% (1))

N.lL-d(t)C, @ | \7 [j
1.

N-D"1 R g(t)
) |+

Ned(D) T o | e [[R
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Complete Flyback Model

v — Ryl +N-(Ve+V,))-d(t)
1'D iL(t) L D' N N-D"1

(1)
.. P L ()] U .. 7 ()
0 Qe s >Cd<dzf
IL'd(t) 1
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Complete Flyback Model

5 (1) 1:D
64,4




Complete Flyback Model

Ed<iL(t)_>

at

7




Complete Flyback Model

(V, = Ro 1+ N-(Ve +V,, ))-d(t)

L (t) L D-R,, :
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Complete Flyback Model

(t)N\L[Y\ D-Rox q N-D"1

:d () _ .\g
ot ? (L




Complete Flyback Model

- d(V(t)) +

d)(L) * :\’:R Ve (t)




Control-To-Output Transfer Function

Ve ()

d(S)v:o

G,(s)=

(V, = Ry 1+ N-(Vo +V;,))-d(1)

(1) 10 "y DR~ npu
N

° o + | \\ °° ~ d(\’}C(t)) +
(OXON %% L %% ndm(D) © e Fﬁ%(t)
IL'd(t) _|7 -
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Control-To-Output Transfer Function

(Vg = Row 1+ N-(Ve +V5)) (1)

(1) mLm D-Roy O_ N N-Dul
adi, (1) e . d(% (1)) +
- <dt( ) %N% [N.IL.d(t)<,>1 dtC R|j\7C
{ Still Have Two dhat Terms }

[ Solve By Using Superposition }

| IEMBEDDED POWER LABS
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Control-To-Output Transfer Function

(V, = Roy 1, + N (Ve +V;,))-d(t)

(1) vy DRy C_ N N-Du1
“d(i, (1)) i | ca) | L
L %% | * ::R 0. (1)
iAL (t) MLM DRy N-D"1
Tddi (1) J ) d (Y (1)) +
- <dt(t)> %N% N"L'd(t)CDC dtCR[h\”fc(t)

| IEMBEDDED POWER LABS

©2015 Embedded Power Labs — All rights reserved



Control-To-Output Transfer Function
V=V, - Ryl +N-(V+Vp)

(V, = Ry 1+ N+(V, +VD)]-&(t)

iL(t) v D- Ry a N-D"1 ~N
T > (7 (1) +
L) ”J - Rﬁ}vc(t)

i il
: y
) L DR, VO R'=(N-D')R
LAY @ )
ofim— R'|:::| N-D"-V (t)
“ e C
(N-D’)
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Control-To-Output Transfer Function
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Control-To-Output Transfer Function

RII*
s-C'

R
1 sC' sC'_ R

s-C' 1 sC' 1+sR-C'

R'+——
s-C'

RI
1+s-R'-C' 1+s-R'-C'

T =
s-L+D- + RY||[——
Rou + Rl

I |EMBEDDED POWER LABS

s-L+D-R,, +

R°  1+sR'.C'
1+s-R".C'
RI

" sL+s-R-C-L+D-R, +5D-R, -R-C+R

RI

"R+D-R,+5L+sD-R, -R-C+s-R-C"L

D[ =] | -

1

DR,
R'

(R+D Ry -C j+SZ-C'-L
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Control-To-Output Transfer Function

]
R'||——
s-C 1

1 .
ssL+D-R,, + R'||§ 1+ D-Roy +S-(F|:)I+ D-RON-C'j+SZ-C'-L

=
, . C
R'=(N-D')"-R C “(NDY)
_ 1
1+ D'ROZN +S-( L2 +D-Ryy < 2]+32- < L
(N-D)**R | (N-D')’-R (N-D) (N-D)
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Control-To-Output Transfer Function

C-:'vdl(S) —
V' . 1

I\I.D|1+ DoROQ' +3'( o +D.RON.(2:]+SZ. L-C2
(N-DR [ (N-D')**R (N-D (N-D)

V' =V, — Ry -1+ N-(Vo+V,)
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Control-To-Output Transfer Function

iAL(t) y D.RONW NeD'":1

J ol -
f”i >-|L-&(t)<> o— R|j\“/c(t)

L'= = > R'— D-Roy
o NPV (N

N-IL-dA(t)CD C_— R Oz(t)
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Control-To-Output Transfer Function

. (t):—N-IL-dA(t)-{(S-L'Jr R')||($)|| R}

~ 1
=-N-1,-d(t)— T
+ +
sL'+R" 1 R
s-C
Ll: Nll_D'z Rl: DRON
Ly D) (N-D)
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Control-To-Output Transfer Function

1 1
1 1 1 1
+ S-C+—
sL'+R" 1 R sL+R
s-C
1
1  L+sRC
sL'+R' R
B 1
- R+(s'L'+R)-(1+sR-C)
R-(s-L'+R)
R-(s-L'+R)

"R+sL+R+SRCR+s-RL-C
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Control-To-Output Transfer Function

1 ) R-(s-L'+ R %
1 1 1 R+R+sL+sRCR+sRL-C1
sL+R 1 'R R
s-C
sL'+R'

1+ R +s-(L + R'-Cj+sz-L'-C
R R

L ~_ DRy,

L'= 2 2
(N-D) (N-D)
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Control-To-Output Transfer Function

o L D-R,,
(N-D') (N D)

D'RON [ L \

1+(|\|.D') e (N-D') D-R,, clis L c
R R (N D) (N-D')

\ y

: (N.D')Z'(S'HD'RON)
T T . LR Gl e LC
(N-D')*-R (N-D')Z-R (N-D')’ (N-D')°
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Control-To-Output Transfer Function

RAO
GvdZ(S)_ C’I‘(t)
1
—_N-I| (N-D'Z'(S.LJFD.RON)
L 1+ D ROZN +S = S +D'RON.(2: +5° L°C2
(N-D')*R | (N-D')>*R(N-D") (N-D)
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Control-To-Output Transfer Function

G, (S) - Gvdl(S) + Gy (S)

(s)) num(G,y(s)) X num(G,q,(S))

den(G,(s)) den(G,(s))  den(G,(s))

den(G,y,; (s)) = den(G,q,(s)) = den(G4 (9))

num( G,
G,(s)= (

o
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Control-To-Output Transfer Function

num(G,q, (S)) = I\IV—D
1
(G (8) =N, T (L DR,
V' 1
num(Gvdl(s))Jrnum(GvdZ(s)):W— N IL.(N-D )2.(S.|_+ DRy, )
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Control-To-Output Transfer Function !

nuM(G,q, (S)) +num(G,q, (s)) _V.N-D' NI (s'L+D-Ry)

(NDY  (NDY

 V"N-D'-N-D-Ryy-l, —sN-I-L

(N-D)’
_VEN-D=N-D-Ry ol [, N-1, L
) (N-D'Y’ V ND-N-D R,

_VID-D-Ryl|f N-I, L
- N-D* V'N-D'- N D-R,, !
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Control To Output Transfer Function

Quick check on the algebra: Are the units correct?

N-1, -L

1-s-
V-N-D'-N-D-R, I,

Y/ . .
— — = Dimensionless
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Control-To-Output Transfer Function

V'D'=D-Ry -y 4 N-1, -L
N-D? V'N-D'-N-D-R,-I,

G,(s)=
1+ 2P g . PP Cl o LC
(N-D')"-R (N-D) (N-D")

V' =V, =Ry -1+ N-(Ve+V,)
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Averaging Summary

* Write Circuit Differential Equations For Each
State In Terms Of Averaged Values

 Average Over One Switching Cycle
— Inductor Current
— Capacitor Voltages

e Perturb And Linearize

— DC Terms Are Zero
— Discard 2"? And Higher Order Terms

e Construct The Circuit Model
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Averaged Switch Modeling

\l

I IEMBEDDED POWER LABS

_|.
C —_— R [] Vo
: a . I
Two Port Switch Network Everything
Includes All Nonlinear Else Is
And Time Varying Elements ) U LTI P
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Boost And Buck-Boost
Switch Networks

L Va o+ .
l-"-"-': |2
YY) INL . S
+ + j'l ------- [l)/1l : +
Vg Vél \ﬂm i C — R[] Vo
cviiQt Dl
+ ¢ - LA 2
? TLLT N <
T e L S - —
Vg d L “ V2 C — R[] vo
- +
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Averaged Switch Modeling

Linear, Time Invariant Circuit
+ L . + +
va(t 0 ¢ == v RE] R[] Vol
i1(t) i2(t) 1
- Switch -
Network
va(t) J'J ZS Va(t)
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Averaged Switch Modeling

Linear, Time Invariant Circuit

+ L + +
<vylt> e 510% © = aee R[] | Rl <

¥ <iqy(t)> <ip(t)>

Switch

<vi(t)> Network
1 o <v2(t)>

B I
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Averaged Switch Modeling

d

___| L
TTT YY)

N Q1 | +
Vg /\ D1 C — R ] Vo
_ . . J-

Large Signal |
$ Viodel
. . L J
g 12 N
n L s i i P T -
: + |
Vg Vit d N b Vo C —— R [] Vo
d
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Averaged Switch Modeling

! 3 _L
5 5 YY)
+ + gemmepeneeeea-a- + + +
Vq V1 J P Vo C —— R [] Vo
J L d < b
4 Circuit Simulation N ( Linearization h
Time Domain Small Signal
(e.g. Transient Response) Analytical Models
Frequency Domain L = Transfer Functions y

\_ (e.g. Bode Plots) )
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Buck Converter Model:
Define Switch Network And Ports

d
ip i J """"""""""""""" P
s i TTT ; N
+ -+
+ Q1
Vg V1 D1 Z Vo

..........................................

Port 1: v, iy
Port 2: v,, i,
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Buck Converter Model:
Sketch Waveforms

vi(t)

11(t)

Va(t)

I2(t)
0

e

|’

................. oo <>

----------------- P <V2(t)>

L

................. :---- <i,(t)>

0 d'lTs
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>
Ts
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Buck Converter Model:
Average Switch Network Variables

e (W (1)) =d -<vg (t)> +d '-<vg (t)>

.jj B
o —" (i, (t))=d-(i_(t))+d"0

e — = <> =d-(i_ (1))

T s B = (y(t) =d-(y, (1)) + d"O
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Buck Converter Model:

nate Non-Switch Variables
(




Buck Converter Model:
EIiminate Non-Switch Variables

>
<
©
|l
T
—~~
e
N
o
>
~—
©
Il
T
—~~
e
N
[V
>
<
/T
—~~
e
N
(@))
>
S~—" O
© N @)
+ T
7 o~ )
)t |
T S L
SN— e~ ( N—
D =
> N—" .|L
~_— g/\/\
V °




Buck Converter Model:
Create Switch Network Model

(1,0) = d(0){i, (1) (v (1) =d (1) (1)
a()
I L )
+ o+
() d(O-, (1) ") fu)

.........................................................................................................




Buck Converter Model:
Complete The Converter Model

14 i I2 _L IL
> > YYYN >
+ + +
+ + ESR
Vg Vi L |diz dv Vo + R[]
- — C —— Vc
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Buck Converter Model:
Complete The Converter Model

’ 1:d Lo
> > .
+ IY ESR
Vg <> + R Vo
- C —— Vc
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Another View Of The
Average Switch Model

/7 JiJI_ ID l /7 + VL _ I /7
+ Q o C ¥ + +
Vg D AW C—_— v R v
Aig Va_ C
1 1 i
' DV
Q +
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Another View Of The
Average Switch Model

s - C o 2 P i
-+ — T+ LT ?
+ VL IQI_V_l_ VD Ic + +
Vg QJI& Va C == v¢ R[] %
H — _
A
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Another View Of The
Average Switch Model

A o |
g |+ Ve IR A
T 1LT AREENE
— v
Q 0 _
_I_ .................................................................... —_
Vg Ly+ C—_—ve R||vV
- L ‘g VL iC +| +
R

I I EMBEDDED POWER LABS ©2015 Embedded Power Labs — All rights reserved




Another View Of The
Average Switch Model

..........................................

.........................................................................................................
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Another View Of The
Average Switch Model

d(t)
() o (1 (1)
+ A C+
- d(t)-(i, (1)) Told()-w(v)
<V1(t)> T <V2 (t)>
e 3




Another View Of The
Average Switch Model

A a(t)  Ld(t)  ic(t) o

AN

+ ' ¢ o o+
\




Simulating Buck Converter With
Averaged Switch Model

* Fowircn = 500 kHz * Al,=20%1,=0.6 A=
* V,=12Vdc L=7.5pH
e V,=3Vdc « C=33 pF
e D=0.25 — ESR =50 mQ
e | . =3 A - FZERO = 96.5 kHz

° — AV.=9.1mV
* Rp=1Q (capacitor only)

* F,=10.1 kHz

e Q=2.1=6.4dB
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LTspice Model: DC Sweep

Input Parameters (Vg, Vo_nom, Ro) Calculated Parameters (lo_nom, Dnom)

.param Vg =12 .param Dnom = (Vo_nom/VQ)
.param Vo_nom =3 .param lo_nom =Vo_nom/Ro
.param Ro =1

.dc VD_nom 0 0.95 0.01

vi 2 e vo
7.5u
Vg Bl B2 ESR
<> Q, <> 0.05 RO
T 12 V(ALY T VEV(d)*Vg C1 {Ro}
JEC
| | . -

Vdhat I , ,
dha Vdhat sets the variation around the dc operating point

Set to zero for dc sweep analysis

0
VD_nom

VD_nom sets the dc duty cycle operating point
{Dnom}
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12v

11v

LTspice Model: DC Sweep

V(vo)

ov

Vv

8V

v

6V

5V

Y

3V

2v

100mv 200mV

| IEMBEDDED POWER LABS

300mvV

400mV

500mV

600mV 700mvV 800mV 900mV
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LTspice Model: Transient Response

Input Parameters (Vg, Vo_nom, Ro)Calculated Parameters (lo_nom, Dnom)

.param Vg =12 .param Dnom = (Vo_nom/Vg)
.param Vo_nom =3 .param lo_nom = Vo_nom/Ro
.param Ro =1
.tran 5m
vl \/2_f$‘~16-\ VO
7.5
Vg B1 B2 ESR
C) G, C) 0.05 §R0

- - Ro

12 I=V(d)*I(L1) V=V(d)*Vg Cl {Roj

I

[ - -

Vahat Vdhat sets the variation around the dc operating point

PULSE(0.025 -0.025 0 1u 1u 1m 2m)
VD_nom

VD_nom sets the dc duty cycle operating point
{Dnom}
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L Tspice Transient Simulation

280mv
275mv

270mv

265mvV

260mv

255mv

250mvV

245mv

240mv

235mv

230mv

225mv

220mv

3.5V

V(vo)

3.4V

[

p”

3.3v N
3.2v V

3.1V

3.0v

2.9v

2.8V

2.1V ,\ o

2.6V

2.5V

—
<~§

2.4V
4.4A

<

-I(ve)

ft
‘\5

4.0A I\
3.6A

3.2A | \V/\'

\ A
V

2.8A N
TAe

2.4A

| V=

[V

2.0A \}

1.6A

1.2A

0.4A

0.0ms 0.5ms 1.0ms

| IEMBEDDED POWER LABS

1.5ms

2.0ms

2.5ms

3.0ms
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LTspice Model: Plotting G4

Input Parameters (Vg, Vo_nom, Ro)Calculated Parameters (lo_nom, Dnom)

.param Vg =12
.param Vo_nom =3
.param Ro =1

.param Dnom = (Vo_nom/Vg)
.param lo_nom =Vo_nom/Ro

.ac dec 50 25 250k

L1

vl _/‘o"o"\vz VO
7.5U
Vg B1 B2 ESR
O @ R0
T 12 |:V(d)*|(L l) T V:V(d )*Vg C1l {RO}
33
i ' =
—
Vac

0

VD_nom

+ Vac is the sweep source
—/AC1

VD_nom sets the dc duty cycle operating point

{Dnom}

| IEMBEDDED POWER LABS
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LTspice Model

30dB

T T AT
y

20dB

15dB

.
L7 Buck Avg_Sw_A 20150130 Bode.raw  (BRES

10dB
Curzar 1

W]

|
[
|
/
e

5d8 Freq: I 185Hz [ ETa |21.5843?Ed8 ]
Phaze: I-2?EI.EIBEEEm° &

//

ode Group Delay:  7.5025187)s N

Curzar 2
-5dB [va)

Freq: 9.032E415kHz Mag: IEE.EEI?EEEIB Ll

-1008 Phase: IW L9 \
Group Delay: 5475927 3ps \><
-15d8 R atio [Curzar? / Cursarl ) ™
Freq: 8.9326206kHz Mag 53132719dE —— \
2o Phass: -66.979808°

AN

Group Delay: 47 286755p:

-25dB

-30dB
100Hz 1KHz 10KHz 100KHz
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Flyback Simulation With
Average Switch Model

¥ ic(t) +

+ iL(t)
S
Vg(t) Ct) L

__________________________________________

Jq o
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Flyback Simulation With
Average Switch Model

SR
VD

(- )

AVAS

N iL(t) .. \_/
vL(t)%L H —

3 ic(t)

r—

| et

Vg(t)

__________________________________________
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Flyback Simulation With
Average Switch Model

| et

VD
Q1
- D1
'g(>t) = ‘ % | N:1 @
N L ) . v ic(t)
Vg(t) VL(t) %L
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Flyback Simulation With
Average Switch Model

Vg(t)
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Flyback Simulation With
Average Switch Model

s — >
LA b :ﬂ P l 2
UE s & 1 = _ .

- .
H
C+ L0 %H{ é\%: R e
Vg(t) vi(t) L Gagy g | -

(1)

o
O
=) >9
~—~
O + ab

| IEMBEDDED POWER LABS
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Flyback Simulation With
Average Switch Model

o1

Vo(t) C)
vi(t) *

N:1

VD

1:d(t) :%: |

 i(t)

3L

Z

t

J-I EMBEDDED POWER L

ABS

;

()
N\
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Flyback Simulation With
Average Switch Model

ICV(Vo) =12 .param DO 0.2646
AC I(Lpri) =0.494 param TR 11
Bl
Vg @ va
[=-V(d)*I(B2
(d)*1(B2) B4
B2 J7
Vv VL
@)
— = * -
280 V=V(d)(V(Ve)-V(Va))
Lpri
12m
|
N

| IEMBEDDED POWER LABS

.op
Vo
RO
3
I=-1(VD){TR}
|
N
—4—>
Cj/dhat Vdhat sets the variation around the dc operating
— 0
a VD_nom
< VD_nom sets the dc duty cycle operating point
{DO}
N
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Flyback Simulation With T
Average Switch Model

ICV(Vo) =12 .param DO 0.2646 .op
AC I(Lpri) =0.494 i param TR 11 )
LT * DAClients\APEC 2015\Seminar - Averaging\SPICE Flyback Average Model\Flyback Average Model 2015.. I&
" --- {Operating Point --—- &
Vg
Vi{vg): 380 voltage
Vi{wva) : -135.4 voltage
V(vl): 0.238502 voltage )
V({n001l): 12.4 voltage
Vg VL | |v{wva): 1z voltage
C}D Vid): 0.2048 voltage
— V(n002) : 0.284¢% wvoltage
380 MIiz4): -0.363288 device current o
1nes (B3): -3.8%¢gle device current 1
I(BZ): -0.494 device current
] I{(Bl): 0.130712 device current
I{c0): S.0d4e-016 device current
[ I{Lpri}): 0.494 device current .
I{(R0O): 4 device:cu::ent C operating
N I(vd): 2.88gl¢ device current
I({Vd nom}: 0 device current
I({Vdhat) : 0 device current
I{Vg}: -0.130712 device current )
_ — _ ~ | |ng point

J;DO} _
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Flyback Simulation With
Average Switch Model

*IC V(Vo) =12 * param DO O
*IC I(Lpri) = 0.494 .param TR 11
Bl
I=-V(d)*I(B2
(d)"1(82) 5
B2 CD
— 80 V=V(d)(V(Vg)-V(Va))
Lpri
12m
|
NS

| IEMBEDDED POWER LABS

@)
&)

.dc VD_nom 0.0 0.95 0.025

VD

0.4
- B3 Co RO
<> 47y °

I=-1(VD)/{TR} V=-V(Va){TR}
~

d
Vdhat

Vdhat sets the variation around the dc operating point

VD_nom

VD_nom sets the dc duty cycle operating point

=

N
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Flyback Simulation With T

(vo)

<
I

O L

000000000000000000000000000000

D=0 D =0.95
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Flyback Simulation With
Average Switch Model

ACV(Vo) =12 .param DO 0.2646 tran 20m
AC I(Lpri) = 0.494 .param TR 11
B1
Vg @ Va . Vo
I=-V(d)*I(B2)
B4 Co RO
22 J7 a7 3
M
C)Vg VL @ |I=-I(VD)/{TR}
380 V=V(d)*(V(Vg)-V(Va)) | I
Lpri <
12m d a
" - Vdhatl
N

Vdhat sets the variation around the dc operating p

PULSE(-0.05 0.05 2m 10n 10n 2m 5m)

T VD_nom
< VD_nom sets the dc duty cycle operating point
{DO}

N

| IEMBEDDED POWER LABS
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Flyback Simulation With T
Average Switch Model
IJIA\/\—-—x Vout 1’“\\/\-—\ N I/A\\/
|
\ I
| | |
\ A~ N\~ J N\ N~ J N
Vi |~ / |~ |~
I \/ \ J
\ el | [\ | |
y PR, y /1
\\vf\/~—— Iln\/v IIA\/\——— Iln\/» IIA\/
- / / | /
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Flyback Simulation With
Average Switch Model

ICV(Vo) =12 .param DO 0.2646 .ac dec 100 10 100k
AC I(Lpri) =0.494 .param TR 11
Bl VD
Vg @ Va <+ ‘> - Vo
=-V(d)*I(B2 0.4
(d)*1(B2) B4 B3 o ~0
+
& ONno " :
— H
Ve VL @ I=I(VD){TR} T V=-V(Va){TR}
V=V(d)*(V(Vg)-V(Va
480 V(V(Vg)-V(Va)) . .
Lpri <
12m d a
r <+ vdhatl Vdhat sets the variation around the dc operating point
N AC1
T VD_nom
< VD_nom sets the dc duty cycle operating point
{DO}
N
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Flyback Simulation With

Average Switch Model
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Flyback Simulation With
Average Switch Model

*IC V(Vo) =12 * param DO O
*IC I(Lpri) = 0.494 .param TR 11
Bl
1 I=-V(d)*I(B2) B4
B2 CD
280 V=V(d)<(V(Vg)-V(Va))
Lpri
12m
|

| IEMBEDDED POWER LABS

@)
&)

.dc VD_nom 0.0 0.99 0.005

VD
0.4
- B3 Co RO
<> 47u 3
I=-1(VD){TR} V=-V(Va){TR}
NS
D
Vdhat

Vdhat sets the variation around the dc operating po

VD_nom

VD_nom sets the dc duty cycle operating point

=

N
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Flyback Simulation With T

(vo)

D=0 D =0.99
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Averaged Switch Small Signal Model

.........................................................................................................

| IEMBEDDED POWER LABS ©2015E




Averaged Switch Small Signal Model

Discard Higher A

+D-U (t)+V,-d(t) LOrder Nonlinear

Terms P

< |"
_|_
|—\<>
~—
—t
N
N
_|_
H<
Q.
~—
—t
N

{ DC And Small Signal Terms! }
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Averaged Switch Small Signal Model
(iz(1)) = d(t)-(i (1))

»(t)
,+1,(t) (D+d(t)) I +1,
=D-1,+D-i,(t)+1, d()+&(t)-i“2(t)
d(t)-i,(t)=~0
|, +0,(t)=D-1,+ D-i,(t)+1,-d(t)

L: D-(I2+iA2(t))+I2-dA(t)J
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Construct The Switch Model

N

l+1(t) = D-(l2 +f2(t))+ d(t) Vo +V, (1) =D (Vy + G (1)) +V,-d(t)

.........................................................................................................................................................................................
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Construct The Switch Model

ey

|, +1y (1) = De(1, +1,(t)) +1,+d(t)

.................................................................................................................
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Averaged Switch Small Signal
Buck Converter Model
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Boost Switch Model

Re-drawn from “Fundamentals of Power Electronics”, 2" ed., Erickson and Maksimovic, Figure 7.50
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General Two-Switch Network

Re-drawn from * Fundamentals of Power Electronics”, 2" ed., Erickson and Maksimovic, Figure 7.50
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Averaged Switch Small Signal Model:

g(t) - N:1 : DM1 (1)
i’ i (t g i T i +
vL(ti% L() %Hg C—— ! R[] ve
ve(t) ( F . _
Otevo
] o d()

1, +1, (1) @ DD , +1,(t)
V, +9,(t) %% @ DI_ZD.'&(t) V, +%,(t)
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Averaged Switch Small Signal Model:
Flyback

-d(t)
L +i(t) Dl'D+ 5D 2+ (1)
v (1) L (D vea
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Averaged Switch Small Signal Model:

Flyback
I, (t) / \

NOW ——C HR:FA/C(t)
0 (") What?

N 4
(1) o D':D |2+'2(t)§
V+\71(t) : () DI—ZDC](I) V, +V,(t)
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Averaged Switch Small Signal Model:

Flybnrk
Slmulatlon Maybe }

iAg (t) N:1

% % ——C [|RV(t)

| +|(t) g DD |2+|A2(t)
V40, (t) C) [I;L]D-&(t) V, +9,(t)
(=1
R
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Averaged Switch Small Signal Model:
Flyback

I, (1) N:1 4 )
1ol ¥ Re-drawing
w03 3¢ May Help
= N /
w0 ()
" (1)
R D-D
|1+I1(t) m D' D
L :
Vl+\71(t) %H% C) DIOZD-'a(t) V2+\72(t)
1, +0 (1) ’
This Arrangement Based On —C H R VC(t)
Work Of Christophe Basso -

v
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Averaged Switch Small Signal Model:
Flyback

4 Re-draw h
As For Averaged
S Model y
o1
N

Vg(t) <t> L
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Averaged Switch Small Signal Model:

ig(\t) —_

Flyback

0 <+> v (t)

VD

(+ )
J

4 |C(t) +

y4
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Averaged Switch Small Signal Model:
Flyback

1) N:1

Y ic(t) +

$ i %"% c= R[] w0

Vy(t) vi(t) * % L -
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Averaged Switch Small Signal Model:
Flyback

V, -
d(t
D-D' () l, - Vo

iAg>(t) ) D":D ﬁd(t) N:1 - A
N .. : _/ Yie(t) *
gﬂ% ﬁ&% C=—= R[] % (1)

liw
. +
i) 3L a

This Looks A
More
S Promising )
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Averaged Switch Small Signal Model: |
Flyback

s N
Derive Transfer Functions?

Still Very Tedious

- D'D'.d(t) l, &(t) Vo
'g)(t) O D':D p.p N:1 Q

N .. : _/ Yic(t) *
QH% : C= R[] Ve (t)

IO
+

W 3L
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Averaged Switch Small Signal Model: |

-

wé

Y. (1)

+
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Flyback
The Point Of This Example? B
Averaged Switch
Small Signal Modeling
Has Limitations 4;“
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Small Signal Model Of
Pulse-Width Modulator

Error
Vref —?@—) Amp/
—  Compensator

—>

PWM

—>

Power
Stage

/ouage

[ Not LTI J <
4 ™
We Also Need A Small Signal Model
For The Pulse Width Modulator
g Y,
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Small Signal Model Of
Pulse-Width Modulator

A

VRAM P_MAX ™

VRAMP MIN —
0 >
PWM(t)
0 : ; >
0 d-Ts Ts
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Small Signal Model Of
Pulse-Width Modulator

VVVVV d(t)=D+d(t)

ve(t) Veanre V, (t) — VC + \7C (t)

— D+a(t)=vc +\7(;(t)_VRAMP_MIN
VRAMP VRAMP

0 d-Ts Ts _ \7(: (t) +VC _VRAMP_MIN

q (t) _ Ve (t) _VRAMP_MIN Vieamp Veawr

Veave Ve = Veave_ win
D=
Ve (t) VRAMP_MIN Vieawp

VRAM P

| IEMBEDDED POWER LABS

Ve [ ; (t):VC(t) J

©2015 Embedded Power Labs — All rights reserved



Small Signal Model Of
Pulse-Width Modulator

Pulse Width
0. (t)—) I\/Iodtljlator S d‘(t)
VRAMP

T

PWM Has A Fixed Small Signal Gain }
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More On Small Signal Modeling

e “Fundamentals of Power Electronics”, 2nd ed., Erickson
and Maksimovic, Chapter 7

e V. Vorperian, "Simplified analysis of PWM converters
using model of PWM switch. Continuous conduction
mode," Aerospace and Electronic Systems, |IEEE
Transactions on, vol. 26, pp. 490-496, 1990.

e V. Vorperian, "Simplified analysis of PWM converters
using model of PWM switch. II. Discontinuous
conduction mode," Aerospace and Electronic Systems,
IEEE Transactions on, vol. 26, pp. 497-505, 1990.

 Papers, seminars, books by Ray Ridley and Christophe
Basso
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Summary

* We Need Small Signal Models To Use Standard
Control Tools To Design The Loop

 Two Averaging Methods Shown To Derive A
Small Signal Model Of A Switching Converter:

— Average Inductor Voltages And Capacitor Currents

— Average Switch Network Port Voltages And
Currents

 Transfer Functions Of Interest Can Be Found
From The Small Signal Models
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You Can Download The Latest Version Of The Seminar
In Adobe Acrobat (.pdf)
And Microsoft PowerPoint Show Format (.ppsx)
From The Embedded Power Labs website:
http://www.embeddedpowerlabs.com/publications.html
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of wide bandgap power semiconductor devices. Bob is
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